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A novel three-axis gradient set and RF resonator for orthopedic
RI has been designed and constructed. The set is openable and
ay be wrapped around injured joints. The design methodology

sed was the minimization of magnetic field spherical harmonics
y simulated annealing. Splitting of the longitudinal coil presents
he major design challenge to a fully openable gradient set and in
rder to efficiently design such coils, we have developed a new fast
lgorithm for determining the magnetic field spherical harmonics
enerated by an arc of multiturn wire. The algorithm allows a
ealistic impression of the effect of split longitudinal designs. A
rototype set was constructed based on the new designs and tested

n a 2-T clinical research system. The set generated 12 mT/m/A
ith a linear region of 12 cm and a switching time of 100 ms,

onforming closely with theoretical predictions. Preliminary im-
ges from the set are presented. © 1999 Academic Press

INTRODUCTION

The use of strong gradients with fast rise-times in M
xperiments is often desirable in order to reduce echo t
nd to decrease off-resonance evolution. Local gradient
ffer distinct advantages in this regard (1, 2). For application

n which strong gradients with fast switching times are hig
dvantageous, such as diffusion tensor imaging (3) and fas

maging sequences such as RARE (4) and EPI (5), we have
esigned a strong, local gradient set for joint imaging. Or
edic imaging is further complicated by the limited joint m

ion by patients with injuries, often preventing the safe
omfortable use of conventional local gradient coils. The
ient set described here is designed to be wraparoun
penable, such that the RF coil and gradient set may be ap
round the joint under study, thus reducing the amoun
uppleness required by the patient.
In this paper we detail the engineering design of the se

resent preliminary RARE knee images. An initial accoun
his work has been presented (6).

THEORY

The design of the transverse coils is comparatively stra
orward as their symmetry allows the splitting of the pat
round the X or Y axis. A length constrained current den
sit
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ethod was used (7) with the modest overall length constrai
f 415 mm with an internal diameter of 250 mm, giving

ength-to-diameter ratio of approximately 1.7. An exampl
ne of the transverse sheet patterns is given in Fig. 1. Sp
are must be taken to ensure that the sheet patterns are
etrical around the X and Y axes, with the insertion of two
f hinges necessitating a trimming of the sheet patter
nsure this. A lack of cylindrical symmetry generates exag
ted forces and torques when the gradient set is pulsed
agnet system.
The design of a split longitudinal gradient set is more d

ult than the transverse coils and we now present our app
n detail. Conventional Z gradient sets comprise a serie
nterconnected hoops with odd symmetry in current den
winding direction) about the isocenter. The scheme for
eturn paths to enable an openable set to be construc
hown in Fig. 2. In designing gradient sets it is often instruc
o consider the spherical harmonics of the magnetic field
he coils generate, as this is a sensitive measure of the
linearity) of the generated gradient field.

When modeling conventional Z gradient sets, odd o
onal harmonics are the only significant terms in field ex
ion, due to the complete cylindrical symmetry of the coils
heir odd zonal symmetry. The harmonics generated by
oils may be calculated by first calculating the field on
urface of a sphere in the center of the coil set and
econvolving into spatial harmonic terms (8, 9). The harmon

cs may be more directly and efficiently evaluated from re
ive relationships initially presented for magnet de
10, 11). In the case of a split coil system, however, the a
eturn paths prevent complete azimuthal inclusion and n
itate the derivation of a new algorithm for the efficient ca
ation of the complete harmonics generated by a mult
arc” conductor as shown in Fig. 3. Due to the fact that
urrent carrying arcs have longitudinal return paths for “s
ing,” the arcs subtend an angle less than 180° and ther
enerate tesseral harmonic components. These compone
ndesirable and need to be included in the error function
inimized.
Once the harmonics are derived from the coil structure

esign proceeds by the minimization of harmonic errors u
1090-7807/99 $30.00
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82 CROZIER ET AL.
imulated annealing (SA), which we, and others, have sh
o be an effective design methodology for gradient coils (12–
4). For SA optimization to be effective, a large number

terations is required to locate the global minimum of the e
pace and descend to the lowest topology in the minimum
hat this process is not too time consuming, we have deve

computationally efficient algorithm for directly calculat
he spherical harmonics generated by a thick arc of cu
arrying wires. This enabled the thousands of iterations
ssary to design the gradient set to be completed in less
h. In the Z-gradient design, the SA optimization procee

y randomly adjusting the positions of the coil bundles,
umber of turns in each bundle, the width of each bundle

heir radial extent. The error function for minimization w
imply a weighted sum-of-squares of the magnitude of z
nd tesseral harmonics up to sixth order. Energy and/or p
issipation terms could also be included in the error func
s we have previously demonstrated (9, 12).

OUTLINE OF THE SPHERICAL HARMONIC
CALCULATION METHOD

Consider then the multiturn arc of Fig. 3. The object is
irectly and rapidly compute the spherical harmonics gene

FIG. 1. One half of a transverse wire pattern. Y grad pattern knee co

FIG. 2. The openable Z-gradient concept.
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y the structure. We now present the main steps involved i
ew calculation method. In a volume through which no cur
asses, the field at the pointr is given by the expression

Bz~r ! 5 O
n

O
m

r n@anmcos~mf!

1bnmsin~mf!#Pnm~cosu !, [1]

he spherical polar coordinate solution to Laplace’s equa
here the polynomialPnm(cos u), (order n, degreem) are
olutions to the associated Legendre equation. The coeffi
nanm andr nbnm are the magnitudes of the spherical harmo

FIG. 3. Circular arc with rectangular cross-section. Indicated are a ty
ource point (within the coil) measured in cylindrical polar coordinates a
ypical field point measured in spherical polar coordinates.

FIG. 4. The trend of significant tesseral harmonic impurities with in
ion angle.



t ,
a
a

f

rse ce
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erms. This equation is orthogonal for varyingn andm values
property which allows the expressions for the coefficientsanm

ndbnm to be obtained, for degreem 5 0,

an0 5 r 2n
2n 1 1

4p E
f50

2p E
u50

p

Bz~r ! Pn~cosu !sin ududf,

bn0 5 0, [2]

or degreem 5 1, 2, 3, . . . ,

FIG. 5. The error paths of a typical optimization run in two parts: (A) coa
anm 5 r 2n
~2n 1 1!~n 2 m!!

2p~n 1 m!! E
f50

2p E
u50

p

Bz~r !

3 Pnm~cosu !sin u cos~mf!dudf,

bnm 5 r 2n
~2n 1 1!~n 2 m!!

2p~n 1 m!! E
f50

2p E
u50

p

Bz~r !

3 P ~cosu !sin u sin~mf!dudf. [3]

first run with limited iterations and (B) final run after overlapping coil coalesnce.
nm
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84 CROZIER ET AL.
hus the spherical harmonics may be calculated when the
z is known.
The gradient coil is assumed to be composed of thick cu

arrying circular arc segments, producing a field of intere
he z direction. From Maxwell’s equations, the magnetic
uctionB is given by

B~r ! 5 curlA ~r !, [4]

here the vector potentialA, in a medium with permeabilitym,
s given by the generalized Biot–Savart law

A ~r ! 5
m

4p EEE
V

J~r 9!

ur 2 r 9u dV9. [5]

n this expression, the unprimed variables denote field p
nd primed variables source points (i.e., within the curr
arrying arcs). Field pointsr are measured in spherical po
oordinates (r , u, f), corresponding to those in Eq. [1
ource pointsr 9 are measured in cylindrical polar coordina

TABLE 1
Gz Coil Positions (One-Half Pattern)

Coil No.
Axial midpoint

(mm)
Width of coil

(mm) Number of turns

1 7.6 1.8 1
2 63.2 3.6 2
3 159.6 30.6 17

FIG. 6. The contour plot of the expected Z-gradient linearity in 5% conto
hat is, the first contour is 5% from the central value, the second 10%, etc
ld

nt
in

ts
t-

r 9, c, z9), allowing a circular arc to be easily described. T
onstant current densityJ0 directed around the arc gives

J~r *! 5 J0ec, [6]

hereec is the unit vector in thec direction. Relating both th
pherical and the cylindrical coordinate system to the s
artesian coordinate system, we may establish

ec 5 sin u sin~f 2 c!er

1cosu sin~f 2 c!eu 1 cos~f 2 c!ef. [7]

Combining Eqs. [5]–[7], with the dimensions of the
nder consideration, gives an expression for the mag
otential

A ~r ! 5 Arer 1 Aueu 1 Afef, [8]

here the components in ther , u, f directions are given b

Ar 5
mJo

4p E
c5c1

c2 E
r 95r1

r 2 E
z95z1

z2 sinu sin~f 2 c!

ur 2 r 9u r 9dz9dr9dc,

Au 5
mJo

4p E
c5c1

c2 E
r 95r1

r 2 E
z95z1

z2 cosu sin~f 2 c!

ur 2 r 9u r 9dz9dr9dc,

Af 5
mJo

4p E
c5c1

c2 E
r 95r1

r 2 E
z95z1

z2 cos~f 2 c!

ur 2 r 9u r 9dz9dr9dc, [9]

, FIG. 7. The contour plot of the expected X-gradient linearity in 5% conto
hat is, the first contour is 5% from the central value, the second 10%, etc
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FIG. 8. The prototype four-arc gradient set shown with the RF resonator closed (it is fully openable).
FIG. 9. The measured field generated by the Z and Y gradients along the Z axis. The 5% linear regions correspond to a dsv of 12 cm
.
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ith the distances between the field and source points

zr 2 r *z 5 ~r 2 1 ~r 9! 2 1 ~ z9! 2 2 2rz9cosu

2 2rr 9sin u cos~f 2 c!) 1/ 2

5 Îa 2 1 b 2 1 g 2,

FIG. 10. (A) Transverse RARE images of the knee of a patient. The
hickness was 4 mm, the FOV 150 mm, the acquisition matrix 2563 256, the
ARE factor 8, TR/TE5 3000/20 ms, and image acquisition required 4
f signal averaging. Note the “cyst-like” appearance of an interosseus ga

n the images due to an acute injury to the anterior cruciate ligament o
atient, generating the ganglion at the femoral insertion point of the liga
his is more apparent in the coronal images of (B).
i

here we define

a 5 z9 2 r cosu,

b 5 r sin u sin~f 2 c!,

g 5 r 9 2 r sin u cos~f 2 c! 5 r 9 2 h,

h 5 r sin u cos~f 2 c!. [10]

pplying Eq. [4] and considering the unit direction vectors
he spherical polar coordinate system used allows an ex
ion for the field in the z direction to be written

Bz~r ! 5
cosu

r sin u S 

u
~sin uAf! 2

Au

f D
2

1

r SAr

f
2 sin u



r
~rAf!D . [11]

Thus we may calculate the coefficientsanm and bnm by
ubstituting Eqs. [9]–[11] into Eqs. [2] and [3]. On sub
ution it becomes possible to complete three of the resu
ve integrals in closed form, specifically those inc, r 9, z9.
ith only two integrals remaining, and the dimensions

he current carrying arcs merely variables in the method
pherical harmonics may be evaluated quickly and a
ately by numerical techniques. The details of comple
he integrals are extensive and the final results complic
although they only involve simple functions). Some of
esultant expressions are derived in the Appendix and
lete details may be found in (15). This algorithm is usefu

n areas of NMR magnetostatic analysis and design o
han gradient coils, such as magnet and shim coils, an
nrelated areas such as magnetohydrodynamics and
etic “bottles.”
We have compared our method with test cases where
ire in the coil-arc is discretized, the field is calculated exp

tly using Biot–Savart summations, and the spherical harm
cs are deconvolved from the field. Depending on the num
f wires in the gradient coil, our method is between one

wo orders of magnitude faster than the traditional alterna
15). These computational speed improvements are very
ortant for stochastic optimization methods.
The effect of the axial return paths in the Z gradient is

ffect, to restrict the azimuthal inclusion angle of
Bz-active” arcs. So that we can choose a suitable maxim
eturn path width, we need to quantify the effect of vary
he inclusion angle with resultant homogeneity. We m
easonably expect that the terms generated by increasin
hickness of the return paths would be tesseral and shou
ero with a complete azimuthal coverage, increasing a
nclusion angle decreases. This is exactly what is obse
n Fig. 4, where we note that the major contaminan

e

on
e
t.
t is
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3,2, with a5,2 and a5,4 also increasing but smaller th
3,2.
The optimization process proceeded by minimizing

rror function including all odd order zonal terms as wel
3,2, a5.2, and a5,4 using a standard SA algorithm wi
daptive step sizing (11–13). Each SA run took about 2 h to
omplete and consisted of a coarse run with relatively l
tep sizes for each of the parameters, followed by a fine
ith considerably smaller step sizes. The algorithm c

esced the 10-coil starting point to a 6-coil result. The e
aths to a “frozen” state are shown in Fig. 5. Details
ne-half of the final coil configuration are given in Table
.8-mm annealed copper wire was laid into a fiberg
ubstrate with 18-mm-wide return paths running axia
he resultant significant contaminants for the final des
elative to the desired harmonic, over a 12-cm dsv w
3 (3e–3%), Z5(29e–2%), Z7(25.5e–2%), Z(x2–y2)
0.2%).

Similarly for the Y-gradient coil, shown in part in Fig.
ver a 12-cm dsv, the only significant impurity harmo
as approximately 0.9% of Z2X. Figures 6 and 7 sho

he predicted 5% contour lines of the longitudinal a
ransverse gradients, respectively, indicating that all sh
e linear to at least 5% over the desired 12-cm ce
egion.

RESULTS AND DISCUSSION

A three-axis gradient set was constructed and interf
o a 2-T OMT magnet system. The driving console wa
ruker Avance. The “4-arc” construction of the set show
ig. 8 consisted of an inner pair containing the Y grad
nd an outer pair containing the X and Z gradients.

ransverse gradients were constructed by laser cu
opper sheets in a streamline pattern and the longitu
oil by laying wires in predetermined tracks. A sm
ick-up coil was used to assess the linearity of the gr
nts—Fig. 9 shows typical plots and indicates the us

inear region to be 12–14 cm. This was confirmed by ph
om images.

The complete electrical characteristics of the constru
radient set were

The set was mounted 3 cm off-center in the x direction
-T (OMT) MRI system (Bruker). A 300-V 50-amp Copl
mplifier was used to drive the set up to 6 G/cm (60 mT/m)

R(V)/L(mH) Sensitivity (mT/m/A) 5% Linear region (cm

0.48/120.0 1.05 12
0.46/110.0 1.2 12
0.5/280.0 0.96 12
; a
n
s

e
n
-
r
f
;
s
.
,
e

ld
al

d
a

t
e
g
al

i-
l
-

d

a

ll

reemphasis andB0 compensations were small (,5%).
witching times for all gradients were less than 110ms. The
radient set is torque-balanced, due to its symmetry of
truction, and did not demonstrate any appreciate motion
t was pulsed after the removal of mounting fixtures. Split
he set to make it openable clearly reduces the strength o
tructure, but providing the hinges and lock-down struct
re durable, and the symmetry of the structure is retained
penable set handles the forces of gradient pulsing wi
roblems.
The RF resonator used in the experiments was a lin

olarized split high-pass design, fed so that the splitting did
nterfere with the rungs (16, 17). A double-sided, slotted shie
s used on the RF resonator which is used both as a trans
nd as a receiver coil.
Figures 10a and 10b show transverse and coronal R

mages of a knee joint acquired using the system. In each
he slice thickness was 4 mm, the FOV 150 mm, the acquis
atrix 2563 256, the RARE factor 8, TR/TE5 3000/20 ms
nd image acquisition required 4 min of signal averaging. N

he “cyst-like” appearance of an interosseus ganglion in
mages due to an acute injury to the anterior cruciate liga
f the patient, generating the ganglion at the femoral inse
oint of the ligament.

CONCLUSION

A high-strength local gradient set has been designed
onstructed for orthopedic MRI that allows unprecede
ccess for patients with restricted joint mobility. The desig

he longitudinal set is presented in detail and contains a
lgorithm for directly calculating the spherical harmonics

hick arc of current-carrying wire. The new calculation met
as a number of applications in electromagnetics. The
lete gradient set performed as predicted by theory.

APPENDIX

After substituting Eqs. [9]–[11] into Eqs. [2] and [3], t
xpression for the harmonic coefficients may be expresse

or degreem 5 0,

an0 5 r 2~n11!
~2n 1 1!

4p

mJ0

4p
~En0

~1! 2 En0
~2! 2 En0

~3! 1 En0
~4!!

bn0 5 0, [A1]

imilarly for degreem 5 1, 2, 3, . . . ,

anm 5 r 2~n11!
~2n 1 1!~n 2 m!!

2p~n 1 m!!

mJ0

4p

3 ~Enm
~1! 2 Enm

~2! 2 Enm
~3! 1 Enm

~4!!
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88 CROZIER ET AL.
bnm 5 r 2~n11!
~2n 1 1!~n 2 m!!

2p~n 1 m!!

mJ0

4p

3 ~F nm
~1! 2 F nm

~2! 2 F nm
~3! 1 F nm

~4!!, [A2]

here

Enm
~1! 5 E

f50

2p E
u50

p 

u
@sin u E

c5c1

c2

cos~f

2c)N~r , u, f; c!dc]

3 cosuPnm~cosu !cos~mf!dudf,

Enm
~2! 5 E

f50

2p E
u50

p 

f
@E

c5c1

c2

sin~f 2 c!N~r , u, f; c!dc#

3 cos2uPnm~cosu !cos~mf!dudf,

Enm
~3! 5 E

f50

2p E
u50

p 

f
@E

c5c1

c2

sin~f 2 c!N~r , u, f; c!dc#

3 sin2uPnm~cosu !cos~mf!dudf,

Enm
~4! 5 E

f50

2p E
u50

p 

r
@r E

c5c1

c2

cos~f 2 c!N~r , u, f; c!dc#

3 sin2uPnm~cosu !cos~mf!dudf. [A3]

he constantsFnm appearing in Eq. [A2] have the same fo
s [A3], with cos(mf) replaced by sin(mf). Also we define

or convenience

N~r , u, f; c! 5 E
r 95r1

r 2 E
z95z1

z2 r 9dz9dr9

Îa 2 1 b 2 1 g 2 . [A4]

Combining Eqs. [A3] and [A4], we have five integrals
olve. After a considerable amount of algebra (15), we may
olve three of the five integrals in closed form. The solut
or Enm (and thereforeanm) are

nm
~1! 5

1

2m E
f50

2p E
u50

p

cosf@sin~m~f 1 c2!! 2 sin~m~f

1 c1))] 3 @C~r , u, f; r 2, 0, z2!

2 C~r , u, f; r 1, 0, z2! 2 C~r , u, f; r 2, 0, z1!

1 C~r , u, f; r 1, 0, z1!] 3 @cosu sin uPn,m11~cosu!

1 ~sin2u 2 m cos2u ! Pnm(cosu )]dudf,
s

nm
~2! 5

1

2 E
f50

2p E
u50

p

@sin~f 2 c1! 3 @C~r , u, f; r 2, c1, z2!

2 C~r , u, f; r 1, c1, z2! 2 C~r , u, f; r 2, c1, z1!

1 C~r , u, f; r 1, c1, z1!] 2 sin~f 2 c2!

3 @C~r , u, f; r 2, c2, z2! 2 C~r , u, f; r 1, c2, z2!

2 C~r , u, f; r 2, c2, z1! 1 C~r , u, f; r 1, c2, z1!]]

3 @cos2uPnm~cosu!cos~mf!#dudf,

nm
~3! 5

1

2 E
f50

2p E
u50

p

@sin~f 2 c1! 3 @C~r , u, f; r 2, c1, z2!

2 C~r , u, f; r 1, c1, z2! 2 C~r , u, f; r 2, c1, z1!

1 C~r , u, f; r 1, c1, z1!] 2 sin~f 2 c2!

3 @C~r , u, f; r 2, c2, z2! 2 C~r , u, f; r 1, c2, z2!

2 C~r , u, f; r 2, c2, z1! 1 C~r , u, f; r 1, c2, z1!]]

3 @sin2uPnm~cosu)cos~mf!#dudf,

nm
~4! 5

1

2m E
f50

2p E
u50

p

cosf@sin~m~f 1 c2!! 2 sin~m~f

1 c1))] 3 @I~r , u, f; r 2, 0, z2!

2 I~r , u, f; r 1, 0, z2! 2 I~r , u, f; r 2, 0, z1!

1 I~r , u, f; r 1, 0, z1!]

3 @sin2uPnm~cosu)]dudf. [A5]

Likewise, the componentsFnm, of the coefficientsbnm, may
e expressed by formulae involving integrals in only
ariables, which may be rapidly and accurately evaluated u
auss–Legendre quadrature.
In Eqs. [A5] above it has been convenient to define

xpressions

C~r , u, f; r 9, c, z9!

5 a Îa 2 1 b 2 1 g 2 1 ~b 2 1 ~r 9! 2 2 h 2!lnua

1 Îa 2 1 b 2 1 g 2u 1 2ha lnug 1 Îa 2 1 b 2 1 g 2u

1 4hb arctanS a 1 g 1 Îa 2 1 b 2 1 g 2

b
D [A6]
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